
Petty E tropical varieties

¥1 Tropical polynomials & hypersurfaces .

Thm (Miklalkin)
- IÉF←Tropical cones in R2 are precisely

- ④
the weighted rational P -
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graphs in R2 satisfying the Twp .

balancing condition . f- = ④ aioli← F=8A✗Ñ

Wa_k2 Tropicalisakin of varieties / 1K = K&tB .
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⇒ armies as the tropicalis akin
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Topicality min us .

Max .

Read .

1K = ¢8T B and V a- ( 1K¥
"

algebraic variety

Twp ( V ) :={ (valcx ,) , . . . ,
ualcxnl) I Hii .in/c-V .}

Hogties nite weights !

ball atb) = min Kudla ) i val (b) } .

I
- valla + b) £ Max { - valca) ,

-roll b) 3.

To use
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Max
" with val oldie Troplv) :={tvalkD,dn)}



Petes of Epica Varieties
✓ c- ( lK*)^ is a variety defied over lK= QSSEB .

1) Twp (V ) E Rn is a rational polyhedral complex .

targntspae Ts s ↳
← Fk dim stative Tnplv ) = V6

pokjhedra

2) dimv = din Twp ( V )
.

3) deg V = degtwplv ) . degv :=degT ltekp"

4) Twp (V ) is equipped with IN
> o weights on top dim faces Facets .

5) Troplv ) with { w•3 ,#at is balanced : V-E cookin I face
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,
Vane C- a >
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Twice Win In

Definitions .

A tap-in variety in R
"
Ii a national

polyhedral complex together with
'

a weight function

W : Facto ✗ → IN
>o satisfying the balancing

condition
.

Examples hypersurface , tropicalis
akins

,
matroid fans

,
- -

. .

The Realisabilib Question Gwen a tropical variety ✗ c- R
"

Twin wa#:FÑ→ IN>o does there exist a

variety V1# such that Twp (v )
= Twp ( X) .

?



¥ EB (Mikhalkin)( Speyer 2014) b
,
cc) .

There exists tropical cubic cures of genies 1 in space

which are not contained in a twpiral plane .

-1

jF
.

"

iii.
.

.

:')
Twpl E) = CERZ I c- 1123 Twp / P ) =P

c- R

By Castelnuovo's bound Ee Rs can not be realisable .

7ÉopÑes& of degree 3 c- 1123 with genus =L ! (Bertrand - Brogalle:ÑÉPeÑ



Realising - En¥e EEG .

Gwd,g=
# of incl gens g degree dances through

Pi - -
- Pzdtg - i general points in ICP?

Mikhalkin 's theorem KIP? 12000) .
- Trop

= I MCC)computed by GW d ,g=GWdig c- {pi . -

ipsdtg- itKontseuih

1994 Cim tropane
degcc) =D gc c) =g .

Mcc) = IT multiv1
V3-talent
cortex

mdtv-wk.tw/e./detl4.vd/



Lines I

abicsr-aescayl-y-sal-monI.MX8491A non-singular ubic surface Sorer an

algebraically dosed Reid contains exactly 27 lines

Schliifli 118581 A non-singular cubic surface over IR contains

either 3,7, 15 , or
27 lines

Vigeland .

1207/ There 3- non-singular tropical cub:c surfaces

containing more than 27 lines
.

Complete dassifiahin finished by Pannizut Vigeland
202L

or 14 million triangulations of size 3 simplex . (Jordan , Joswig ,Kaito
2018)
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Clebsch
"

R- cubic surface Tropical cubic surface



Rrg Gives in surface

let C be a top .

curve
contained in a top

surface X
.

The pair CX
,
C) is realizable if

F C C 7C / 1k sit . Twp /E) = t=X .

Open Question Are there X-i.kz realising a cubic

¥1 sit
.
the twpiolisuhons of the two sets

of 27 lines are distinct ?

theorem .

/ Global to Local )
If CCX is a realizable pair Cpc Xp 15 a

reali sable pair for every pec .



Iman's
-

fw-minw-ntheorythm-CBrugalle-S.NL/hetE,,EzCPbe two curves

contained in a plane defied over 1K S.t.

Trop /G)
,Trop /%) are fans intersecting in a point

then

mflwple ,
)
.Topless))=m( 9. %) v. +4

V0

Corollary .
let Ccthop /P) be a

""tropical are .

If

C. Trop / E
' ) < 0 for k

' \ €1
some e

' CP then Cls

"

'

'
e
. .

.rs - Évz -128
.

not realizable in P
.

!



Ral¥y of lies in abides .

.

is a cubic surface s -

t
. Top / S )

Faff . If $ Asst33
is non - singular then

for t sufficiently small all

lines on St are real .

EEN lets be a cubic surface

defied over a valued field sit .

top/ 5) is non-singular
.

Then all

unis in 5 are rational .

Gf %
,

val =p -odd valuation



summary .

• Tropical varieties are weighted rational polyhedral
conplexes satisfying the balancing condition .

° Reacisabihly Question asks : when is a top variety =

Twp ( V ) for some V1 1K valued field ?

° All topical hypersurfaces in

'

R
"
are realizable

→ tropical court if GW invariants & generalisations .
0

"

Easy
" to construct examples of non- realizable top varieties

o Bug or Feature ? Next : Matroids & tropical geometry
time Mannino

.
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Exercised .

1) a) Show there is exactly I topnal line through
points pi , p, c- R2 if the pails are contained

on a hie with rational slope .

b) Experiment with drawing tropical conics through spoil

2) TopHink
)
let 4 ,

Lz be tire topial lines wits↳ votes 10,0) and 11,11
, respectively -

Shan that for
any

be Q wit b>

there exist realizations L
, ,
Lz sit

Twp 1L , n La) = ( b
, b) .



3) show that the polyhedral complex wit ueh.us
:

V1 = 190,0) vz = 11,1 ,
0 ) and

→
edges

.

:

Eo = { 1 a , a , o )
I 0£ as I 3

E
,
= { 1 a , 0,0 ) I a s

o }

Ez = { ( 0
,
a ,o ) I a E o l

C-
3

= { I 1 , I
,
a) 1 a £03

.Eg = { ( at 1
,
at 1

,
a) 1 a>- 0 }

is a top , ial variety and realisable by a
L n 4k¥)

>
where L c- kiss is a lie and 1K = c- 33 .



4) The tropical planets PP is a fan

win 4
rays in directions Vi

= - eii-1.is
and v0 = 11,1 , 1) and 6 tho dimensional cones

<vi. vj > so i=j - construct a tropical cure
CCP st

.

b
,
/ C) =L

and C projects to a

degree 3 cure .

where

'

.

.

1 , forgetting e3
.

i ' ' I¥É¥⇐'

, i , -
-



F)Consider the tropical avec in R2 in red
. Argue

10,11 ⇐o=3 bring its Newton polygon that any
realisation of C would have a

cusp at 10,01
.

2
,
-3)

Vo + V1
V0b.) let P c- dK*P be a plane -

defied by -4+2-2 -12-3=0 .

Show 4 .
:

there is no ECP of

degree 3 tropicalzig to c
' uns:

"

vz
i \

.

.

:c '

Hint : Consider the
. projections #

*Puti
"

'

'
e
. .

.rs - svztavo .

kernel see> and < es> to shoo a realisation would have Zasps .




